Abstract. In this paper, we will talk about the titled elliptic curve defined over imaginary quadratic fields such as
Introduction and Main Results
In this paper, we study the elliptic curve
where p is any odd rational prime. A.Bremner in [1] studied the elliptic curve E p defined over Q, determined the Selmer groups, and also obtained some results on Mordell-Weil group, rank, Sharevich-Tate groups and torsion subgroups. A.Bremner and J.W.S.Cassels in [2] parameterized generators for the group of rational points on the elliptic curve E p /Q, when p is congruent to 5 modulo 8 and less than 1, 000. In this paper, we study the elliptic curve E p defined over K = Q( √ −1), Q( √ −2), Q( √ −7) or Q( √ −q), where q is congruent to 3 modulo 8 and (p, q) = 1.
For any odd rational prime p, it's easy to see that the discriminate ∆ of the elliptic curve E p /K is equal to −2 6 p 3 and the equation (1.1) is global minimal.
We now introduce the Kodaria-Néron classification of the special fibers C ι on the Néron models of elliptic curves E p /K. Let ι ∈ O K be a prime element which divides the rational prime l, K ι be the completion of K at prime ι, k ι = O K /ιO K be the residue class field with characteristic l. Let ρ : E p (K ι ) −→ E p (k ι ), P → P be the reduction of E p modulo ι, E p,ns (k ι ) be the non-singular k ι -rational points of E p (k ι ), E p,0 (K ι ) = ρ −1 (E p,ns (k ι )). The Kodaira symbols I 0 , I 1 , I n , II, III, IV, · · · , III * , II * are used to describe the type of the special fiber C ι of the minimal Néron model of E p at ι; m ι denotes the number of irreducible components (ignoring multiplicities) on the special fiber C ι . The conductor of E p /K is defined by N Ep = ι f (Ep/Kι) , where the product takes for ι running over prime elements. The index c ι = |E p (K ι )/E p,0 (K ι )| is said to be Tamagawa constant at prime ι. Using the Tate's algorithm in [8] , we could obtain the following Theorem 1.1 for notations. Our main results are to determine Selmer groups, Shafarevich-Tate group and Mordell-Weil group(for definitions and notations, see [7] ). Take the following elliptic curve
be the 2-isogenous elliptic curve of E p and
with kernel E p [φ] = {O, (0, 0)} and E ′ p [ φ] = {O, (0, 0)}, respectively. For simplicity, we denote the dimension dim 2 V = dim F 2 V for a vector space V over the field F 2 of two elements. Theorem 1.2. For any odd prime p and K = Q( √ −1), let E p /K and E ′ p /K be the elliptic curves as (1.1) and (1.2) 
, then p must be the sum of squares of two integers such as p = s 2 + 2t 2 .
or p ≡ 9(mod 16) and s ≡ 1, 7(mod8) (Z/2Z) 3 if p ≡ 1(mod16) and s ≡ 1, 7(mod8). , let E p /K and E ′ p /K be the elliptic curves as (1.1) and (1.2) 
For any odd prime p and K = Q( √ −q) with q ≡ 3(mod8), let E p /K and E ′ p /K be the elliptic curves as (1.1) and (1.2) . 
where B run over all prime ideals in O L ,a B is equal to N (B) + 1− | E(k B ) | and N (·) is the absolute norm of ideals for L/Q. 
This paper is organized as follows. In section 2 we calculate the torsion subgroup of the MordellWeil group E p (K). In section 3 we determine the Selmer groups S (φ) (E p /K) and S (φ) (E ′ p /K) of these elliptic curves E p and their isogenous curves E ′ p . In section 4 we prove our main results.
Computation of the Torsion groups
In this section, we determine the torsion subgroup
The celebrating Mordell-Weil Theorem tells us that the group E(L) is a finitely generated Abelian group, for any elliptic curve E defined over a number field L. When 
For the group E p (K) tors , using the theorem above, one can obtain the following theorem.
Theorem 2.2. For each odd rational prime p and any quadratic field
where
Proof. Let Q = (x(Q), y(Q)) be a non-trivial torsion point of order n in E p (L). We prove that n is equal to 2 and Q = (0, 0). It's easy to see that n = 2 implies that Q = (0, 0) is the unique 2-torsion point. According to Theorem 2.1, E p (L) tors must be isomorphic to one of the following 10 groups:
Claim that n is not equal to 3.
is a root of the polynomial 3x 4 +6px 2 −p 2 = 0, which is impossible. Thus E p (L) tors must be isomorphic to one of the following 6 groups:
Claim that n is not equal to 4. If [4] 
which is also impossible. Thus E p (L) tors must be isomorphic to one of the following 3 groups:
Claim that n is not equal to 5. If [5] 
Using the duplication formula, we get
Theorem 7.1 in [7] tells us that
Since the left hand of the equation above is a perfect square, then there is an integer c ∈ O L such that
Equations (2.1) imply that v|p. Furthermore, since v ℘ (uv) = 0 for any prime ideal ℘|p and u, v are integral, we obtain that v ∈ O * L . By the equations (2.1) above, we obtain two equalities as follows,
Therefore, we obtain the following two relationship
which implies that p + 1 = 2 √ −1(vs) 2 , which is impossible, that is, Q can not be a 5-torsion point. Claim that n is not equal to 7. It's similar to the case of n = 5. As discussed above, we have shown that
Computation of the Selmer groups
In this section, we determine the Selmer groups S (φ) (E p /K) and S ( φ) (E ′ p /K) of these elliptic curves E p and their isogenous curves E ′ p defined as (1.1) and (1.2). Let M K be the set of all places of K. For each place v ∈ M K , let K v be the completion of K at v, and ord v () be the corresponding normalized additive valuation, if v is finite.
Put S = {∞} ∪ {primes in K dividing 2p}, and
For each d ∈ K(S, 2), the corresponding homogenous space can be simplified to the following forms:
According to Proposition 4.9 in [7] , we have the following identifications:
. Note that 2 totally ramifies in K, we write π 2 = 1 − i, where i is equal to √ −1. Here S = {∞, π 2 } ∪ {primes in K dividing p}. Note that 4 = −π 4 2 , so for each d ∈ K(S, 2), the corresponding homogenous space can be simplified to the following forms: 
(a) If p ≡ 5, 7, 11, 13(mod 16), by explicit calculation, we get
and
, the following table gives solutions (z, w) to the congruence
2 ) for each of the remaining values of p(mod 32),
(mod 16), the following table gives solutions (z, w) to the congruence
2 ) for each of the remaining values of p(mod 16),
(a-c) imply that
In the following subsection, we determine the Selmer group S (φ) (E p /K) according to the ideal decomposition of p in K.
3.1.1. p inertia. Assume that p inertia in K, then p ≡ 3( mod 4). In this case, S = {∞, π 2 , p} and
Under this case, one can obtain the following lemma.
Proof. (1) It follows directly by the valuation property.
(
(a) Lemma 3.1 tells us that C i (K π 2 ) = ∅ if and only if p ≡ 3, 15(mod 16).
(b) If p ≡ 3(mod8), then −2u 2 ≡ 1(mod p) for some integer u; If p ≡ 7(mod8), then 2v 2 ≡ 1(mod p) for some integer v. The following table gives solutions (z, w) to the congruence
for each of the remaining values of p(mod 8),
(a) and (b), together with the definition of S (φ) (E p /K), we have proven that
For the Selmer group S (φ) (E p /K), one can obtain the following theorem.
Theorem 3.3. For any odd rational prime p with p ≡ 3(mod4), then
Proof. It follows directly from Lemma 3.2.
3.1.2. p splits. Assume that p splits completely in K, then p ≡ 1(mod 4). Denote that p = µ ·μ, where µ,μ ∈ Z[ √ −1] are two conjugate irreducible elements, we write µ = s + t · √ −1 for some integers s, t. In this case, S = {∞, π 2 , µ,μ} and K(S, 2) =< i, π 2 , µ,μ > .
Lemma 3.4. Let q = u 2 + v 2 be an odd prime, and suppose that u is odd. Then
Proof. It follows from Proposition 5.2 in [5] .
Lemma 3.5.
Proof.
(1) It follows directly by the valuation property.
(a) Lemma 3.1 tells us that C i (K π 2 ) = ∅ if and only if p ≡ 1(mod 8).
(b) Prove that C i (K µ ) = ∅ if and only if (
which implies that ( 
(c) If p ≡ 1(mod 4) and t ≡ 1(mod 2), the following table gives solutions (z, w) to the congruence W 2 = µ +μZ 4 (mod π (1, 0) (1, 2) (1 + π 2 2 , π 3 2 ) (−3, π 2 2 ) (1, −4) (−3, 2) (1 + π 2 , π 3 2 ) (1, π 2 2 ) which follows that C µ (K π 2 ) = ∅.
(d) Prove that C µ (K µ ) = ∅ if and only if (
, then (z, w) satisfies w 2 ≡μ(mod p). Note that µ = s + t · √ −1 and µ +μ = 2s, it follows that w 2 ≡ 2sz 4 (mod p), which implies that ( 
(e) Prove that C µ (Kμ) = ∅ if and only if (
The proof is similar to (c). (a-e) and Lemma 3.4 imply that
Theorem 3.6. For any odd rational prime p with p ≡ 1(mod4), then
where p is the product of two primes µ andμ.
Proof. It follows directly from Lemma 3.5.
K = Q( √ −2).
Note that 2 is totally ramified in K, denote that π 2 = √ −2. Here S = {∞, π 2 } ∪ {primes in K dividing p}.
Note that 4 = π 4 2 , so for each d ∈ K(S, 2), the corresponding homogenous space can be simplified to the following forms:
Lemma 3.7. For C −1 : −W 2 = 1−pZ 4 , then C −1 (K π 2 ) = ∅ if and only if p ≡ 1, 5, 9, 11, 13, 15( mod 16).
(a) If p ≡ 3, 7( mod 16), by explicit calculation, we get v π 2 (f (z, w)) ≤ 5 and 
p(mod 32) 17 21 25 27 29 31
by Hensel's Lemma in [7] , f (Z, W ) = 0 has a solution in Proof. It' similar to the proof of Lemma 3.7.
In the following subsection, we determine the Selmer group S (φ) (E p /K) and S (φ) (E ′ p /K) according to the ideal decomposition of p in K.
p inertia.
Assume that p inertia in K, then p ≡ 5, 7(mod 8). In this case, S = {∞, π 2 , p} and K(S, 2) =< i, π 2 , p > .
for some integer u; If p ≡ 7(mod8), then 2v 2 ≡ 1(mod p) for some integer v.
As discussed above, the following table gives solutions (z, w) to the congruence
It's similar to the proof of Lemma 3.9.
For the Selmer group S (φ) (E p /K) and S (φ) (E ′ p /K), one can obtain the following theorem. Theorem 3.11. For any odd rational prime p with p ≡ 5, 7(mod8), then
Proof. It follows directly from Lemma 3.7, Lemma 3.8, Lemma 3.9 and Lemma 3.10.
p splits.
Assume that p splits completely in K, then p ≡ 1, 3( mod 8). Denote that p = µ ·µ, where µ, µ ∈ Z[ √ −2] are two conjugate irreducible elements, we write µ = s + t · √ −2 for some integers s, t. In this case, S = {∞, π 2 , µ, µ} and K(S, 2) =< i, π 2 , µ, µ > .
Lemma 3.12. Let q = u 2 + 2v 2 be an odd prime. Then
where ( · · ) is the Jacobi symbol. Proof. It follows from quadratic reciprocity laws.
Under this case, one can obtain the following lemma. Proposition 3.13.
( 
Proof.
(1) It follows directly by the valuation property. (2) (a) Lemma 3.7 tells us that C −1 (K π 2 ) = ∅ if and only if p ≡ 1, 9, 11(mod 16).
(b) To prove that C −1 (K µ ) = ∅ if and only if p ≡ 1(mod 8). If C −1 (K µ ) = ∅, for any point (z, w) ∈ C −1 (K µ ), then (z, w) satisfies −w 2 ≡ 1(mod p), which implies that p ≡ 1( mod 8). On the other hand, if p ≡ 1( mod 8), then there exists an integer u such that
(a-c) and the definition of the Selmer group S φ (E p /K) imply that
(a) To prove that C µ (K µ ) = ∅ if and only if ( f (1, a) 
(b) It's similar to prove that C µ (K µ ) = ∅ if and only if ( 2 ) for each of the remaining values of (s mod 8, t mod 4) = (s, t),
(a-c) and Lemma 3.12 imply that
Proposition 3.14. Proof. It's similar to the proof of Proposition 3.13.
For the Selmer group S (φ) (E p /K) and S ( φ) (E ′ p /K), one can obtain the following theorem. 
if p ≡ 1(mod8) and s ≡ 3, 5(mod 8) {±1, ±p, ±µ, ±µ}, if p ≡ 1(mod8) and s ≡ 1, 7(mod 8)
where p is the product of two primes µ and µ.
Proof. It follows directly from Proposition 3.13 and Proposition 3.14.
. Note that 2 splits completely in K, denote that
Proof. We only take d = π 2 for an example. let
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(1) For necessity, note that
, where z, w ∈ O Kπ 2 and satisfy π 2 w 2 = 1 − (π 2 ) 2 pz 4 , taking the valuation mod 2 5 of both sides, we obtain the following three congruent equations:
which imply that p ≡ 1, 9, 15 (mod16). On the other hand, the following table gives solutions (z, w) to the congruence
for each of the remaining values of p(mod 2 5 ),
by Hensel's Lemma in [7] , f (z, w) = 0 has a solution in (1, 1) ), by Hensel's Lemma, we proved that C π 2 (K π 2 ) = ∅ for any odd prime p. As discussed above, we have shown our lemma.
Proof. It's similar to the proof of Lemma 3.16.
In the following subsection, we determine the Selmer group S (φ) (E p /K) and S ( φ) (E ′ p /K) according to the ideal decomposition of p in K.
3.3.1. p inertia. Assume that p inertia in K, then p 7 = −1. Under the assumption above, here S = {∞, π 2 , π 2 , p} and K(S, 2) =< −1, π 2 , π 2 , p >.
Proposition 3.18.
Proof.
(1) It's similarly to the proof of Proposition 6.2 in [7] . (2) We only take d = π 2 for an example. let
, 15 (mod 16), then there exists an integer a such that a 2 ≡ 2(mod p). By our assumption, (
Without loss of generality, we may assume that (
Proposition 3.19.
(1) For d ∈ K(S, 2), if one of the following conditions holds: For the Selmer group S (φ) (E p /K) and S ( φ) (E ′ p /K), one can obtain the following theorem. Theorem 3.20. For any odd rational prime p with ( 
Proof. It follows directly from quadratic reciprocity laws.
Under this case, one can obtain the following proposition. Proposition 3.22.
or p ≡ 3(mod16) and s ≡ 3(mod4) ( 
if p ≡ 1(mod 8) and s ≡ 3, 5(mod 8) and ( where p is the product of two primes µ and µ.
Proof. It follows directly from Proposition 3.22 and Proposition 3.23.
3.4. K = Q( √ −q) with q ≡ 3(mod8). Note that 2 inertia in K, take {0, 1, π = We have the following results:
Proposition 3.25.
(1) −1 ∈ S (φ) (E p /K) ⇐⇒ p ≡ 1(mod4). (2) (a) 2 ∈ S (φ) (E p /K) ⇐⇒ p ≡ 1, 7(mod8); (b) −2 ∈ S (φ) (E p /K) ⇐⇒ p ≡ 1, 3(mod8).
(1) According to the proof of Proposition 6.2 in [7] . We only need to prove that: if C −1 (K 2 ) = ∅, then p ≡ 1(mod 4). If C −1 (K 2 ) = ∅, taking any point (z, w) ∈ C −1 (K 2 ), then (z, w) satisfies the following equation According to the proof of Proposition 6.2 in [7] . We only need to prove that C 2 (K 2 ) = ∅ if and only if p ≡ 1, 7(mod8). If C 2 (K 2 ) = ∅, taking any point (z, w) ∈ C 2 (K 2 ), then (z, w) satisfies the following congruent equation For the Selmer group S (φ) (E p /K) and S ( φ) (E ′ p /K), one can obtain the following theorem. Proof. It follows directly from Proposition 3.25 and Proposition 3.26.
p splits.
Assume that p splits completely in K, then p q = 1. Denote that p = µ ·μ, where µ = s + tπ and s, t ∈ Z. Here S = {∞, 2, µ,μ} and K(S, 2) =< −1, 2, µ,μ > .
We have the following results: 
